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PRYM-TYURIN VARIETIES USING SELF-PRODUCTS OF GROUPS
A. CAROCCA, H. LANGE, R. E. RODRI´GUEZ AND A. M. ROJAS
Abstract. Given Prym-Tyurin varieties of exponent q with respect to a finite group
G, a subgroup H and a set of rational irreducible representations of G satisfying some
additional properties, we construct a Prym-Tyurin variety of exponent [G : H ]q in a
natural way. We study an example of this result, starting from the dihedral group Dp
for any odd prime p. This generalizes the construction of [4] for p = 3. Finally, we
compute the isogeny decomposition of the Jacobian of the curve underlying the above
mentioned example.
1. Introduction
Consider a cartesian diagram of smooth projective curves
(1.1) X
q1
}}||
||
||
|| q2
!!B
BB
BB
BB
B
X1
h1   B
BB
BB
BB
B
X2
h2~~||
||
||
||
P1
with deg hi = di ≥ 2. Then the Jacobian JX cannot be equal to JX1 × JX2, since the
genus gX of X is always bigger than the sum gX1+gX2. However, if the hi do not factorize
via a cyclic e´tale covering for i = 1 and 2, then q∗i : JXi → JX is injective for i = 1 and
2 and it is easy to see that
q∗1 + q
∗
2 : JX1 × JX2 → JX
is an isogeny onto its image. One might ask whether q∗1 + q
∗
2 is an embedding. This is
certainly not the case if d1 is not a divisor of d2 (we assume that d1 ≤ d2), since then the
type of the polarization on JX1 × JX2 induced by the canonical polarization would be
(d1, . . . , d1, d2, . . . , d2). However, if we assume d1 = d2 =: d, then the polarization would
be the d-fold of a principal polarization and JX1× JX2 would be a Prym-Tyurin variety
of exponent d in JX . Recall that a Prym-Tyurin variety of exponent q in a Jacobian J is
by definition an abelian subvariety of J on which the canonical polarization of J induces
the q-fold of a principal polarization.
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An example for this was given by Mumford in [5, p. 346], where he showed that in the
case of the above diagram with deg hi = 2 for i = 1 and 2, if Y denotes the hyperelliptic
curve ramified over the union of the branch loci of h1 and h2, then there is an e´tale double
covering X → Y whose Prym variety in JX is isomorphic (as principally polarized abelian
varieties) to the product of Jacobians JX1 × JX2.
Our main result is a generalization of Mumford’s theorem. In order to state it, we
need to recall some facts of [2]. In that paper we started with a smooth projective curve
Z with action by a finite group G such that Z/G ≃ P1. Then we associated to a set
of pairwise non-isomorphic irreducible rational representations and a subgroup H of G
satisfying some additional properties, a Prym-Tyurin variety P in JX with X = Z/H .
We say that this construction of the Prym-Tyurin variety is a presentation of P with
respect to the action of the group G, of the subgroup H and the set of representations.
For a more precise statement see Theorem 2.2 below and the subsequent definition. To
state our result, we also need the following definition.
Let π : Z → Y be a Galois covering with Galois group G and let C1, . . . , Ct be pairwise
different conjugacy classes of cyclic subgroups of G. We define the geometric signature
of the covering π to be the tuple [γ, (C1, s1), . . . , (Ct, st)], where γ is the genus of the
quotient curve Y , the covering has a total of
∑t
j=1 sj branch points in Y and exactly sj
of them are of type Cj for j = 1, . . . , t; that is, the corresponding points in its fiber have
stabilizer belonging to Cj. Using this terminology, our first result can roughly be stated
as follows.
Theorem 1.1. Suppose that for i = 1 and 2 the action of a group G on a curve Zi
has geometric signature [0; (C i1, s
i
1), . . . , (C
i
ti
, siti)] and the branch loci of the corresponding
coverings are disjoint in P1. Assume that we are given a presentation of a Prym-Tyurin
variety Pi (with the same exponent q) with respect to the action of G on Zi, a subgroup
H and a set of non-trivial rational representations. Then
(a): the induced action of the group G2 := G× G on the fibre product Z := Z1 ×P1 Z2
defines a Prym-Tyurin variety P in the Jacobian J(Z/H2) of exponent q˜ = [G : H ]q;
(b): under mild additional assumptions, P ≃ P1 × P2 (isomorphic as principally
polarized abelian varieties).
For a more precise version of this theorem see Theorems 3.3 and 3.6. In [2] we showed
that almost all known Prym-Tyurin varieties admit presentations in the above sense.
Moreover, it is easy to find presentations of Prym-Tyurin varieties of exponent 1 (which
are Jacobians according to the Theorem of Matsusaka-Ran) and exponent 2 (which es-
sentially are classical Prym varieties according to a Theorem of Welters). In particular,
this gives the above mentioned sufficient criterion for a product of Jacobians to be a
subvariety of a Jacobian. Hence Theorem 1.1 can be considered as a generalisation of
Mumford’s Theorem mentioned above. It should be noted that the special case of our
proof in Mumford’s situation is different from Mumford’s original proof (see Example 3.7
and Corollary 3.9 below).
3In the second part of the paper we work out an explicit example, which was, in fact, the
starting point of this paper. In [4] a Prym-Tyurin variety of exponent 3 was associated
to every e´tale degree 3 covering Y˜ of a hyperelliptic curve Y , such that the Galois group
of its Galois closure over P1 is S3 × S3, where S3 denotes the symmetric group of degree
3. Solomon generalized in [6] this construction to define a Prym-Tyurin variety for every
group Sn × Sn. Since S3 coincides with the dihedral group D3 of order 6, one might
ask whether there is also a generalization of the construction of [4] to Dn × Dn. We
show in the second part of the paper that this is in fact the case, at least for Dp with p
an odd prime. The construction certainly also generalizes to the group Dn, however we
restrict ourselves to a prime number, since the group theory of an arbitrary Dn is more
complicated.
Let p be an odd prime number, and consider an e´tale p-fold covering Y˜ → Y of a
hyperelliptic curve Y of genus g, such that the Galois closure of the composed map
Y˜ → Y → P1 has Galois group Dp ×Dp. Then the fibre product
X = P1 ×Y (2) Y˜
(2)
is a smooth projective curve. Here Y (2) and Y˜ (2) denote the second symmetric product
of Y and Y˜ and P1 → Y (2) is the canonical embedding of the g12 of Y . We define an
effective symmetric fixed-point free (p − 1)2-correspondence D on X whose associated
endomorphism γD ∈ End(JX) satisfies the equation
γ2D + (p− 2)γD − (p− 1) = 0.
This gives part (a) of the following theorem (see Corollary 6.2).
Theorem 1.2. (a): D defines a Prym-Tyurin variety P of exponent p in the Jacobian
JX.
(b): There exist smooth projective curves X1 and X2 whose fibre product over P1 is X,
and such that
P ≃ JX1 × JX2,
isomorphic as principally polarized abelian varieties.
This can be proven directly, which was our first approach. Then we realized that this
is a special case of Theorem 1.1. In fact, one can associate to the data the curves X1
and X2 in a canonical way, such that X = X1 ×P1 X2. Moreover it turns out that the
Kanev correspondence, associated to the correspondence of Theorem 1.1, coincides with
the correspondence D (see Proposition 6.1). So Theorem 1.1 implies Theorem 1.2.
In the last part of the paper we compute the isogeny decomposition of the Jacobian of
the curve X of Theorem 1.2. Let X be as above. The Galois group of the Galois closure
Z over P1 is the group D2p. Then, if X1 and X2 denote the curves of Theorem 1.2. we
show in Section 7,
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Theorem 1.3. There are e´tale p-fold coverings Y˜j → Y, j = 1, . . . ,
p−1
2
, of a hyperelliptic
curve Y , all of them subcovers of Z by explicitly given subgroups of D2p, such that
JX ∼ JX1 × JX2 × P (Y˜1/Y )× · · · × P (Y˜(p−1)/2/Y ),
where ∼ denotes isogeny and P (Y˜j/Y ) denotes the (generalized) Prym variety of the
covering Y˜j → Y .
Throughout the paper we work over the field of complex numbers.
2. Preliminaries
In this section we recall the main result of [2]. Let G be a finite group. In order
to fix the notation, we recall some basic properties of representations of G. For any
complex irreducible representation V of G, we denote by χV its character, by LV its field
of definition and by KV the subfield KV = Q(χV (g) | g ∈ G). Then LV and KV are finite
abelian extensions of Q; we denote by mV = [LV : KV ] the Schur index of V . For any
automorphism ϕ of LV /Q we denote by V ϕ the representation conjugate to V by ϕ.
IfW is a rational irreducible representation of G, then there exists a complex irreducible
representation V of G, uniquely determined up to conjugacy in Gal(LV /Q), such that
W ⊗Q C ≃ ⊕ϕ∈Gal(LV /Q)V
ϕ ≃ mV ⊕τ∈Gal(KV /Q) V
τ .
We call V a complex irreducible representation associated to W.
Let W1, . . . ,Wr denote nontrivial pairwise non-isomorphic rational irreducible repre-
sentations of the group G with associated complex irreducible representations V1, . . . , Vr.
In our applications r will be either 1 or 2. We make the following hypothesis on the Wi
and a subgroup H of G.
Hypothesis 2.1. For all k, l = 1, . . . , r we assume
a) dim Vk = dim Vl =: n,
b) KVk = KVl =: L,
c) dim V Hk = 1,
d) H is maximal with property c); that is, for every subgroup N of G with H $ N
there is an index k such that dimV Nk = 0.
Choose a set of representatives
{gij ∈ G | i = 1, . . . , d and j = 1, . . . , ni}
for both the left cosets and right cosets of H in G, such that
G = ⊔di=1Hgi1H and Hgi1H = ⊔
ni
j=1gijH = ⊔
ni
j=1Hgij
are the decompositions of G into double cosets, and of the double cosets into right and
left cosets of H in G. Moreover, we assume g11 = 1G.
5Now let Z be a (smooth projective) curve with G-action and πH : Z → X := Z/H . In
[2] we defined a correspondence on X , which is given by
(2.1) D(x) =
d∑
i=1
bi
ni∑
j=1
πHgij(z).
for all x ∈ X and z ∈ Z with πH(z) = x, where
bi :=
r∑
k=1
∑
h∈H
trL/Q(χVk(hg
−1
i1 ))
is an integer for i = 1, . . . , d.
Let δD denote the endomorphism of the Jacobian JX associated to the correspondence
D. We denote by
PD := Im(δD)
the image of the endomorphism δD in the Jacobian JX and call it the (generalized) Prym
variety associated to the correspondence D.
Setting
(2.2) b := gcd{b1 − bi | 2 ≤ i ≤ d},
[2, Theorem 4.8] can be stated as follows:
Theorem 2.2. Let W1, . . . ,Wr denote nontrivial pairwise non-isomorphic rational irre-
ducible representations of the group G with associated complex irreducible representations
V1, . . . , Vr satisfying Hypothesis 2.1 for a subgroup H of G. Suppose that the action of the
finite group G has geometric signature [0; (C1, s1), . . . , (Ct, st)] satisfying
(2.3)
t∑
j=1
sj
[
q[L : Q]
(
r∑
k=1
(dimVk − dimV
Gj
k )
)
− ([G : H ]− |H\G/Gj|)
]
= 0.
where Gj is a subgroup of G of class Cj and
q =
|G|
b · n
.
Then PD is a Prym-Tyurin variety of exponent q in JX.
Furthermore, we showed in [2, Section 4.4],
(2.4) dimPD = [L : Q]
r∑
i=1
[−n +
1
2
t∑
j=1
sj(dimVi − dimV
Gj
i )]
and
(2.5) gX = 1− [G : H ] +
1
2
t∑
j=1
sj([G : H ]− |H\G/Gj|)
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In the sequel we will use the following definition: We say that the construction of the
Prym-Tyurin variety P = PD of Theorem 2.2 is a presentation of P with respect to the
action of the group G, the subgroup H and the set of representations {W1, . . . ,Wr}.
3. The construction
In this section we show how to construct new Prym-Tyurin varieties out of given
ones. As above let G be a finite group. For i = 1, 2, let Zi denote a smooth projec-
tive curve, on which G acts with geometric signature [0; (C1, s
1
1), . . . , (Ct1 , s
1
t1
)] on Z1 and
[0; (C ′1, s
2
1), . . . , (C
′
t2
, s2t2)] on Z2. Let hi : Zi → P
1 denote the corresponding covering
maps. Then we consider the product group
G2 := G×G.
For any subgroup H of G, we denote H1 = H × {1}G, H2 = {1}G × H and write
C1j = Cj × {1}G and similarly C
2
j = {1}G × C
′
j . So the C
ℓ
j are considered as conjugacy
classes of cyclic subgroups of G2 for ℓ = 1 and 2.
Lemma 3.1. Suppose the branch loci of hi : Zi → P1 are disjoint in P1. Then the fibre
product
Z := Z1 ×P1 Z2
is a smooth projective curve, Galois over P1 with Galois group G2 and geometric signature
[0; (C11 , s
1
1), . . . , (C
1
t1
, s1t1), (C
2
1 , s
2
1), . . . , (C
2
t2
, s2t2)].
Proof. This is elementary. The branch loci being disjoint implies that Z is smooth and
classical Galois theory implies that Z is Galois over P1 with Galois group G2. The last
statement is clear from the definitions. 
Now let H be a subgroup of G and consider X1 := Z1/H and X2 := Z2/H . Clearly the
curve X := Z/(H ×H) is the fibre product of X1 and X2 over P1,
X = Z/H2 = X1 ×P1 X2
and we have the following diagram, where the maps are the obvious ones.
(3.1) Z
p1
zzuu
uu
uu
uu
uu
uu
uu
uu
uu
π
 p2
$$J
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
J
X
q1
zzuu
uu
uu q2
$$I
II
II
I
Z1
π1
//
h1 ))TT
TTT
TTT
TTT
TTT
T X1
ϕ1
$$I
II
II
I X2ϕ2
zzuu
uu
uu
Z2
π2
oo
h2uujjj
jjj
jjj
jjj
jjj
P1
Here
deg h1 = deg h2 = deg p1 = deg p2 = |G|,
degϕ1 = degϕ2 = deg q1 = deg q2 = [G : H ],
deg π = |H|2.
7In the rest of this section we change slightly the notation for the geometric signature,
for the sake of simplicity. Let C1, . . . , Ct denote all conjugacy classes of nontrivial cyclic
subgroups of G. Then in the tuple [0; (C1, s1), . . . , (Ct, st)] a number sj will be 0 precisely
if there is no branch point of type Cj. Before constructing a Prym-Tyurin variety using
the action of G2 on Z, we need the following Lemma for which use the following notation.
For i = 1 and 2 let Di denote the correspondence on the curve Xi defined in (2.1) for the
group G with respect to the subgroup H and the representations W1, . . . ,Wr. Similarly
let D denote the correspondence on the curve X defined in (2.1) for the Group G2 with
respect to the subgroup H2 and the representations W1i = Wi ⊗ V0 and W
2
i = V0 ⊗Wi
for i = 1, . . . , r, where V0 denotes the trivial representation of G. Then we have
Lemma 3.2.
D = |H| · (q∗1D1 + q
∗
2D2)
Proof. For simplicity we assume r = 1 and write W =W1 etc. The proof for the general
case is the same, only notationally more complicated.
Set d = |H\G/H| and {gij : i = 1, . . . , d; j = 1, . . . , ni} as in Section 2. Therefore
|H2\G2/H2| = d2 and {(gij, gkl) : i, k = 1, . . . , d; j = 1, . . . , ni, l = 1, . . . , nk} are
representatives of both left and right cosets of H2 in G2. According to (2.1) we have
Dν(xν) =
d∑
i=1
ai
ni∑
j=1
πHgij(zν)
for all xν ∈ Xν , where zν ∈ Zν is a preimage of xν , 1 ≤ ν ≤ 2, and where
ai :=
∑
h∈H
trL/Q(χV (hg
−1
i1 ))
is the same integer for both Dν and i = 1, . . . , d.
By definition we have (q∗νDν)(x1, x2) = q
−1
ν Dνqν(x1, x2) = q
−1
ν Dν(xν) for ν = 1, 2.
Therefore
(3.2) (q∗νDν)(x1, x2) = q
−1
ν (
d∑
i=1
ai
ni∑
j=1
πHgij(zν)) =
d∑
i,k=1
ai
ni∑
j=1
nk∑
l=1
(πHgij(z1), πHgkl(z2)).
On the other hand, according to (2.1) we have for D,
(3.3) D(x1, x2) =
d∑
i=1
d∑
k=1
(bik + b
′
ik)
ni∑
j=1
nk∑
l=1
(πHgij(z1), πHgkl(z2))
with z1 and z2 as above,
(3.4)
bik =
∑
(h1,h2)∈H2
trL/Q(χ(V⊗V0)(h1g
−1
i1 , h2g
−1
k1 ))
=
∑
(h1,h2)∈H2
trL/Q(χV (h1g
−1
i1 )χV0(h2g
−1
k1 ))
=
∑
(h1,h2)∈H2
trL/Q(χV (h1g
−1
i1 ))
= |H|
∑
h∈H trL/Q(χV (hg
−1
i1 ))
= |H| · ai
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and similarly
(3.5) b′ik =
∑
(h1,h2)∈H2
trL/Q(χ(V0⊗V )(h1g
−1
i1 , h2g
−1
k1 )) = |H| · ak .
Inserting the last equations into (3.3) and comparing with (3.2) we deduce
D(x1, x2) = |H| · (q
∗
1D1 + q
∗
2D2)(x1, x2)

Theorem 3.3. Let W1, . . . ,Wr denote nontrivial pairwise non-isomorphic rational irre-
ducible representations of the group G with associated complex irreducible representations
V1, . . . , Vr satisfying Hypothesis 2.1 with respect to a subgroup H of G.
Suppose that the action of G on Zi has geometric signature [0; (C1, s
i
1), . . . , (Ct, s
i
t)] on Zi
for i = 1, 2, and satisfies
(3.6)
t∑
j=1
sij
[
q[L : Q]
r∑
k=1
(dimVk − dim V
Gj
k )− ([G : H ]− |H\G/Gj|)
]
= 0.
for i = 1, 2, where Gj is a subgroup of type Cj and q =
|G|
b · n
. Furthermore assume that
the branch loci of Zi → P1 are disjoint in P1.
Then the action of the group G2 on the curve Z defines a Prym-Tyurin variety P in
the Jacobian JX of exponent q˜ = [G : H ] q and dimension
dimP = [L : Q]
r∑
i=1
[−2n +
1
2
t∑
j=1
(s1j + s
2
j )(dimVi − dimV
Gj
i )].
Proof. First note that Hypothesis 2.1 is satisfied for the subgroup H2 of G2 and the
representations Wj ⊗ V0, V0⊗Wj , with associated complex representations V
1
j := Vj ⊗ V0
and V 2j := V0 ⊗ Vj, where V0 denotes the trivial representation of G.
To see this, notice that
dim(V ij )
H×H = 〈V ij , ρ
G×G
H×H〉G×G = 〈Vj, ρ
G
H〉 = 1
for all i and j. The maximality of H ×H with respect to this property is a consequence
of the fact that for every Wj both representations Wj ⊗ V0 and V0 ⊗Wj occur in ρ
G×G
H×H .
First, we need to compute the exponent q˜ this data determines. In order to do that,
we need to compute the greatest common divisor b˜ of the differences between the first
coefficient b˜1 of D with the others. Using Equations (3.3), (3.4) and (3.5) of Lemma 3.2
we obtain that
b˜1 = 2|H|a1,
The rest of the coefficients of D are of the following types
|H|(a1 + aj) or 2|H|aj
therefore the differences are of the following types
|H|(a1 − aj) or 2|H|(a1 − aj)
9hence the corresponding greatest common divisor b˜ is |H| times the corresponding one b
for one copy of G. The new exponent is then computed as
q˜ =
|G2|
b˜ · dim V 1j
=
|G| · |G|
|H|b · dimVj
= [G : H ]q
Now, the assertion follows from Theorem 2.2 as soon as we show that
(3.7)
2∑
ℓ=1
t∑
j=1
sℓj
[
q˜[L : Q]
2∑
i=1
r∑
k=1
(dimV ik − dim(V
i
k )
Gℓj )− ([G2 : H2]− |H2\G2/Gℓj |)
]
= 0.
where Gℓj is of class C
ℓ
j with C
ℓ
j as in Lemma 3.1.
To see this, observe that
(3.8) [G2 : H2] = [G : H ]2 , and |H2\G2/Gℓj| = [G : H ]|H\G/Gj|.
Moreover, we have
(3.9) dim(V ik )
Gℓj = 〈V ik , ρ
G2
Gℓj
〉 =
{
〈Vk, ρ
G
Gj
〉 = dimV
Gj
k , if ℓ = i;
dimV ik = dimVk, otherwise.
It now follows from (3.8) and (3.9) that the left hand side of (3.7) equals [G : H ] times
the sum with i = 1 and i = 2 of the left hand side of (3.6). But these are zero by
assumption, which implies the assertion. Finally, the computation of the dimension is a
consequence of equation (2.4). 
For our main applications we need only the following special case of the above theorem.
Corollary 3.4. Let W be a nontrivial rational irreducible representation of G, with as-
sociated complex irreducible representation V , such that the subgroup H of G is maximal
with the property
dimV H = 1.
Suppose that the action of G on Zi has geometric signature [0; (C1, s
i
1), . . . , (Ct, s
i
t)] for
i = 1, 2, and satisfies equation (3.6) with r = 1 for i = 1 and 2. Furthermore assume that
the branch loci of Zi → P1 are disjoint in P1.
Then the action of the group G2 on the curve Z defines a Prym-Tyurin variety P in
the Jacobian JX of exponent q˜ = [G : H ]q and dimension
dimP = [KV : Q][−2 dim V +
1
2
t∑
j=1
(s1j + s
2
j )(dimV − dimV
Gj )].
Remark 3.5. One could generalize Theorem 3.3 to an n-fold self-product Gn of G, a
subgroup H of G and n Galois coverings hi : Z → P1 with Galois group G and pairwise
disjoint branch loci in P1. We omit the details.
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The fact that the Prym-Tyurin variety P is constructed via a product of groups suggests
that it is a product of Prym-Tyurin varieties, and in fact, this is the case, as we will show
in the next theorem. Let the notation be as in Theorem 3.3. According to Theorem
2.2 the action of the group G and its subgroup H induce a Prym-Tyurin variety Pi of
exponent q in JXi for i = 1 and 2. Let P denote the Prym-Tyurin variety in JX of
Theorem 3.3. Then we have:
Theorem 3.6. Suppose the coverings qi : X → Xi do not factorize via an e´tale cyclic
covering for i = 1, 2. Then we have
P ≃ P1 × P2.
Proof. The map q∗1 + q
∗
2 : JX1 × JX2 → JX is an isogeny onto its image. According to
Lemma 3.2 it maps P1 × P2 into P . From equation (2.4) and Theorem 3.3 we get
dim(P1 × P2) = dimP.
Hence q∗1 + q
∗
2 induces an isogeny P1 × P2 → P . Now, since the maps qi : X → Xi
do not factorize via a cyclic e´tale covering, the canonical polarization of JX induces a
polarization of the same type on P and P1×P2, namely the ([G : H ] ·q)-fold of a principal
polarization. This implies that q∗1 + q
∗
2 : P1 × P2 → P is an isomorphism. 
Example 3.7. As a first example consider the cyclic group G = Z2 of order 2. There is
only one nontrivial rational irreducible representation, the alternating representation W.
It certainly satisfies Hypothesis 2.1 for the trivial subgroup H = {0}. For i = 1 and 2
let Xi be a hyperelliptic curve of genus gXi. We assume that the hyperelliptic coverings
fi : Xi → P1 have disjoint branch loci in P1, so that we are in the situation of diagram
(1.1). The fibre product X = X1 ×P1 X2 is Galois over P1 with Galois group the Klein
group G2, so that in diagram (3.1) the curves Z = X and Zi = Xi coincide. Moreover
the group G acts on Xi with geometric signature [0; (G, 2gXi + 2)] and satisfies equation
(2.3) with q = 1. So the Prym-Tyurin variety of the action coincides with the Jacobian
JXi. Moreover the assumptions of Theorem 3.3 are fulfilled and we obtain a Prym-Tyurin
variety P of exponent 2 for the group G2 in the Jacobian JX .
Let K denote the third subgroup of G2, i.e. K = {(0, 0), (1, 1)} and denote
Y := X/K.
Proposition 3.8. (a) The curve Y is hyperelliptic of genus gC = gX1 + gX2 + 1 and the
map X → Y is an e´tale double covering.
(b) The Prym-Tyurin variety P of the action of G2 coincides with the classical Prym
variety of the e´tale covering X → Y .
Proof. (a): Set H1 = G× {0} = {(0, 0), (1, 0)} and H2 = {0} ×G = {(0, 0), (0, 1)}. Then
G2 acts on X with geometric signature [0; (H1, 2gX2+2), (H2, 2gX1+2), (K, 0)]. From this
we conclude that the double covering X → Y is e´tale. In fact, if x ∈ X is a branch point
of the covering X → P1, it cannot be one of X → Y , since StabG2(x) ∩K = {(0, 0)}. It
follows that Y → P1 is a double covering ramified in all 2(gX1 + gX2) + 4 points, which
means that Y is hyperelliptic of genus gX1 + gX2 + 1.
11
(b): First note that the Prym variety of the covering X → Y is given by the corre-
spondence 1− ι, where ι is the involution on X with quotient Y . Hence ι is given by the
element (1, 1) of G2.
On the other hand, the Prym-Tyurin variety P for the action of G2 is defined by the
correspondence D (see (2.1)) constructed using the sum of the representations W1 =
W ⊗ V0 and W2 = V0 ⊗ W of G
2, where V0 and W are the trivial and the alternating
representation of G respectively. We have then H2 = {(0, 0)}, the trivial subgroup of G2,
and the double coset representatives are just the elements of G2, i.e. g11 = (0, 0), g21 =
(1, 0), g31 = (0, 1), g41 = (1, 1). They are also the left and right coset representatives of
H2 in G2.
By definition, we have for i = 1, . . . , 4,
bi :=
2∑
k=1
∑
h∈H2
(χWk(hg
−1
i1 )) = χW1(gi1) + χW2(gi1),
which gives b1 = 2, b2 = b3 = 0 and b4 = −2. Hence b := gcd{b1 − bi | 2 ≤ i ≤ 4} = 2.
Therefore
D = 1 · (0, 0)− 1 · (1, 1).
Hence the correspondences coincide, which implies the assertion. 
As an immediate consequence of Theorem 3.6 and Proposition 3.8 we obtain:
Corollary 3.9. (Mumford)
Let Xi be a hyperelliptic curve of genus gi for i = 1 and 2, whose hyperelliptic coverings
have disjoint branch loci in P1. Let X = X1×P1 X2 and Y the hyperelliptic curve ramified
over all branch points of X1 and X2.
Then the natural map X → Y is an e´tale double covering whose Prym variety is isomor-
phic to JX1 × JX2 as principally polarized abelian varieties.
4. The Main Example
Given two Prym-Tyurin varieties of exponent q presented with respect to the same
group G, subgroup H and rational irreducible representations, but with group actions
with disjoint branch loci, Theorem 3.3 gives a new Prym-Tyurin variety of exponent
[G : H ] · q. Hence every Prym-Tyurin constructed with a presentation with respect to
a group action (and these are almost all such varieties known up to now, see [2]) gives
a new one. We will only give one example, which we think is interesting, since it arises
also from a completely different geometric construction, as we shall see in the next section.
Let p be an odd prime and
G = Dp = 〈σ, τ : σ
p, τ 2, (σ τ)2〉
the dihedral group of order 2p. Any complex irreducible representation V of degree two
of Dp is defined over the field KV = Q(ζ+ζ−1), where ζ denotes a p-th root of unity. The
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Galois group Gal(KV /Q) is cyclic of order
p− 1
2
, and the associated rational irreducible
representation W is of degree p− 1 and given by
W : σ →

0 · · · 0 −1
1 0 · · · 0 −1
0 1 . . . 0 −1
0 0
. . .
0 0 . . . 1 −1
 , τ →

0 0 · · · 0 −1
0 0 · · · −1 0
0 0 · · · 0
0 −1 0 · · · 0
−1 0 · · · 0

Apart from the trivial subgroup, Dp admits exactly 2 conjugacy classes of cyclic sub-
groups, namely the classes C1 of subgroups of order 2 and C2 of subgroups of order p.
Since Dp can be generated by any even number s ≥ 4 of involutions with product equal
to 1, there exist curves Z with Dp-action and geometric signature [0; (C1, s)].
Proposition 4.1. Every Dp-action on a curve Z of geometric signature [0; (C1, s)], any
subgroup H of order 2 of Dp , and the representation W, give a presentation of the
Jacobian JX (with X = Z/H) as a Prym-Tyurin variety of exponent 1.
Proof. Without loss of generality we may assume that H = {1G, τ}. It suffices to show
that the assumptions of Theorem 2.2 are satisfied with r = 1 and q = 1. Let the notation
be as in Section 2. Set πH : Z → X and let V denote a complex irreducible representation
associated to W (deg V = 2).
First we claim that b = p. To see this, note that any double coset HgH contains exactly
[H : H ∩ g−1Hg] right cosets of H . Thus H1GH consists of one right coset, and for any
g not in H we have [H : H ∩ g−1Hg] = |H| = 2. Hence the number d = |H\G/H| of
double cosets is given by p = [G : H ] = 1 + 2(d− 1), from where
d =
p+ 1
2
.
Moreover, HσiH = HσjH if and only if σi ∈ HσjH = {σj, τσj , σjτ, τσjτ = σ−j}. We
conclude that HσiH = HσjH if and only if i = j or i = p− j. This implies that a set of
double coset representatives for H in G is given by{
g11 = 1G, gi1 = σ
i−1 | i = 2, . . . ,
p+ 1
2
}
.
Therefore,
b1 =
∑
h∈H
χW(hg
−1
11 ) = χW(1G) + χW(τ) = p− 1
and for i = 2, . . . , p+1
2
bi =
∑
h∈H
χW(hg
−1
i1 ) = χW(1G · σ
p−i+1) + χW(τ · σ
p−i+1) = −1,
since χW(τ · σ
i) = 0 and χW(σ
i) = −1, for all i = 1, . . . , p− 1. This implies
b = gcd
{
b1 − bi | 2 ≤ i ≤
p + 1
2
}
= p.
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We conclude
q =
|Dp|
b · dimV
= 1.
Consider G1 = H as a representative of the conjugacy class C1, then we have that
|H\G/G1| =
p+ 1
2
.
Due to Frobenius reciprocity,
dimV G1 = 〈ResG1V, 1G1〉 =
1
dimV
∑
h∈G1
χV (h) =
1
2
(2 + 0) = 1,
and G1 is a maximal subgroup with this property. It remains to show that equation (2.3)
is satisfied for q = 1. In fact,
q[LV : Q](dim V − dimV G1)− ([G : H ]− |H\G/G1|) =
p− 1
2
(2− 1)−
(
p−
p+ 1
2
)
= 0.
The assertion now follows from Theorem 3.3. 
As an immediate consequence of Proposition 4.1, Corollary 3.4 and Theorem 3.6 we
obtain
Proposition 4.2. Set G = Dp. For i = 1 and 2 let Zi be a curve with G-action of
geometric signature [0, (C1, si)], with si even integers ≥ 4. Let Xi be as in Proposition
4.1. Assume moreover that the coverings Zi → P1 have disjoint branch loci. Denote
Z = Z1 ×P1 Z2 and X = X1 ×P1 X2.
Then the action of the group G2 on the curve Z defines a Prym-Tyurin variety P in
the Jacobian JX of exponent p and dimension
p− 1
4
(s1 + s2 − 8).
Moreover,
P ≃ JX1 × JX2 .
In the sequel we use the following presentation of D2p:
D2p = 〈σ1, τ1, σ2, τ2 | σ
p
i , τ
2
i , (σiτi)
2, [σ1, σ2], [τ1, τ2], [σi, τj ] ∀ 1 ≤ i 6= j ≤ 2〉.
So σ1, τ1 generate the first factor and σ2, τ2 generate the second factor of D
2
p. Then, with
H2 = 〈τ1, τ2〉, we have
Z1 = Z/〈σ2, τ2〉, Z2 = Z/〈σ1, τ1〉,
X1 = Z/〈τ1, σ2, τ2〉, X2 = Z/〈σ1, τ1, τ2〉 and X = Z/H
2.
Moreover, consider the following quotient curves of Z:
• X˜ := Z/〈τ1τ2〉;
• Y˜j := Z/〈(σ
j
1σ2, τ1τ2)〉 for j = 1, . . .
p−1
2
;
• Y := Z/〈σ1, σ2, τ1τ2〉.
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Then we have the following diagram with the degrees of the maps as indicated:
(4.1) Z
2p:1




















2:1

2p:1

44
44
44
44
44
44
4
X˜
2:1

p:1
((RR
RRR
RRR
RRR
RRR
RR
p:1
,,YYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYY
Z1
2:1

X
p:1
q1
||yy
yy
yy
y
p:1
q2
""E
EE
EE
EE
Z2
2:1

Y˜1
p:1f1

. . . Y˜ p−1
2
f p−1
2
p:1
uukkk
kkk
kkk
kkk
kkk
X1
p:1
$$I
II
II
I X2p:1
zzuu
uu
uu
Y
2:1
uujjj
jjj
jjj
jjj
jjj
P1
The next lemma gives the genus of the curves and the ramification of the maps of this
diagram, which we need in the sequel.
Lemma 4.3. (a): The covering Z → Y is e´tale, and hence so are Z → X˜, X˜ → Y˜j and
Y˜j → Y for all j. Y is hyperelliptic, ramified over all s1 + s2 branch points of Z → P1.
Hence
gY =
s1 + s2
2
− 1 and geYj =
p
2
(s1 + s2)− 2p+ 1 for all j;
(b): The covering Xi → P1, for i = 1 and 2, is ramified exactly over the si branch points
of Zi → P1, each one with fibre consisting of
p−1
2
points of order 2 and one unramified
point. Hence
gXi =
s1(p− 1)
4
− p+ 1 for i = 1, 2 and gX =
(s1 + s2)(p
2 − p)
4
− p2 + 1.
Proof. The stabilizers of branch points of Z → P1 are conjugate subgroups of either 〈τ1〉
or 〈τ2〉, hence are of the form 〈σ
i
1τ1〉 or 〈σ
i
2τ2〉 for i = 0, . . . , p − 1. For any subgroup U
of G, the stabilizers for the covering Z → Z/U are given by the intersection of U with
the stabilizers for the action of G. In our case the stabilizers for the action of D2p are
either trivial or are of order 2, hence one has to check whether the subgroup U contains
subgroups of the form 〈σi1τ1〉 or 〈σ
i
2τ2〉. Doing this for the subgroups in question, together
with the Riemann-Hurwitz formula, gives the assertions. 
Lemma 4.4. Let Z → P1 be a Galois covering with Galois group D2p and geometric
signature [0; (C11 , s1), (C
2
1 , s2)] as above. Then
(a): Y is the only intermediate hyperelliptic curve of Z → P1 of genus s1+s2
2
− 1;
(b): Up to isomorphism, the curves Y˜j, j = 1, . . . ,
p−1
2
are the only intermediate curves
of Z → P1 which are e´tale p−fold coverings of Y . They are pairwise non-conjugate in
Z → P1;
(c): Up to isomorphism, X is the only intermediate curve of Z → P1 which is a 4 : 1-
quotient of Z.
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Proof. This is a consequence of the subgroup structure of the group D2p.
(a) follows from the fact that the subgroup 〈σ1, σ2, τ1τ2〉 is the only subgroup of index 2
of D2p not containing any stabilizer for the action of D
2
p on Z.
(b) First note that the subgroup 〈σj1σ2, τ1τ2〉 corresponding to Y˜j is a subgroup of index
p in the subgroup corresponding to Y . According to Lemma 4.3 (a), Y˜j → Y is e´tale of
degree p. Moreover, note that whenever we have a curve Z with group action by a group
G, the covering Z → Z/G is the Galois closure of an intermediate covering Z/U → Z/G
if and only if the core CoreG U :=
⋂
g∈G U
g is trivial. In our situation, the only subgroups,
up to conjugacy, of D2p of index 2p with trivial core in D
2
p are the ones determining the
Y˜j. It is easy to see that they are pairwise non-conjugate.
(c): In D2p there is just one conjugacy class of subgroups of order 4. All of them are
non-cyclic. Therefore the subgroup defining X is uniquely determined up to conjugacy in
D2p. 
As an immediate consequence we get
Corollary 4.5. Suppose Y˜ → Y is an e´tale p-fold covering of a hyperelliptic curve Y such
that the Galois closure Z of the composed map Y˜ → Y → P1 has Galois group D2p. Then
Y˜ is (isomorphic to) one of the curves Y˜j of diagram 4.1. In particular it determines the
curves Z1 and Z2 of that diagram uniquely and X,X1 and X2 uniquely up to conjugacy.
5. E´tale p-fold coverings of hyperelliptic curves
In this section we give a geometric construction of the p-fold coverings X1 and X2 of
diagram 4.1 in terms of the covering f : Y˜ → Y .
5.1. The curves. So let f : Y˜ → Y denote an e´tale covering of degree p of a hyperelliptic
curve Y . Suppose the (2:1)-covering h : Y → P1 is ramified over Bh = {a1, . . . , a2g+2} ⊂
P1.
Define the curve X as the following fibre product,
(5.1) X := (f (2))−1(g12)
π=f(2)|X



// Y˜ (2)
f(2)

P1 ∼= g12


// Y (2).
Here Y (2) and Y˜ (2) denote the second symmetric product of Y and Y˜ . In order to work
out conditions for X to be smooth and irreducible, we need some notation.
Fix a point z0 ∈ P1 \ Bh and let γi denote the class of a path at z0 going once around
ai clockwise as usual, then the fundamental group of P1 \Bh is
(5.2) π1(P1 \Bh, z0) = 〈γ1, . . . , γ2g+2 :
2g+2∏
1
γi = 1〉
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If ι is the hyperelliptic involution of Y , we denote
h−1(z0) = {x, ιx},
f−1(x) = {x1, . . . , xp} ⊂ Y˜ and f
−1(ιx) = {y1, . . . , yp} ⊂ Y˜ .
If µ : π1(P1 \ Bh, z0) → S2p is a classifying homomorphism of h ◦ f : Y˜ → Y → P1, we
know that
µ(γi) = t1t2 . . . tp
where t1, t2, . . . , tp are disjoint transpositions. But not all such products can occur. In
fact, if we identify for i = 1, . . . , p,
(5.3) xi = i and yi = p+ i,
then we have the following lemma, the proof of which is obvious.
Lemma 5.1. A homomorphism µ : π1(P1 \Bh, z0)→ S2p is a classifying homomorphism
for h ◦ f : Y˜ → Y → P1 if and only if
(1) G := Im(µ) is an imprimitive transitive subgroup of imprimitivity degree p of S2p
and
(2) µ(γi) = t1t2 · · · tp with disjoint transpositions ti of the form (j p + k) with 1 ≤
j, k ≤ p.
Finally, if we denote for i, j = 1, . . . , p,
(5.4) Pij := xi + yj ∈ X ⊂ Y˜
(2),
then π−1(z0) = {Pij | i, j = 1, . . . , p}, with π : X → P1 from Diagram 5.1.
Now consider the group G ⊂ S2p generated by
• ϕ1 = Π
p
i=1(i i+ p)
• ϕ2 = [Π
p−1
i=1 (i i+ p+ 1)](p p+ 1)
• ϕ3 = (1 p+ 1)Π
p
i=2(i 2p+ 2− i) and
• ϕ4 = (1 p+ 2)(2 p+ 1)Π
p
i=3(i 2p+ 3− i)
Lemma 5.2.
(5.5) G = Dp ×Dp ⊂ S2p,
where ϕ1, ϕ2 generate the first factor Dp and ϕ3, ϕ4 the second.
Proof. Obviously all ϕi’s are of order 2. Moreover we have the following relations:
ϕ1 · ϕ2 = (1 p p− 1 p− 2 . . . 2)(p+ 1 p+ 2 . . . 2p),
ϕ3 · ϕ4 = (1 2 3 4 . . . p)(p+ 1 p + 2 . . . 2p).
Hence 〈ϕ1, ϕ2〉 and 〈ϕ3, ϕ4〉 are both groups isomorphic toDp. Moreover, one easily checks
that ϕ1 and ϕ2 commute with ϕ3 and ϕ4, which completes the proof. 
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Proposition 5.3. If f : Y˜ → Y is an e´tale covering of degree p of a hyperelliptic curve Y
such that the image of a classifying homomorphism µ : π1(P1 \Bh, z0)→ S2p is the group
G, then the curve X of diagram 5.1 is smooth and irreducible.
Proof. The stabilizer of the element P11 = x1+y1 of the fibre π
−1(z0) of the map π : X →
P1 is the group
GP11 = 〈ϕ1, ϕ3〉,
which is Klein’s group of 4 elements. Since G is of order 4p2, this means that G acts
transitively on the set {Pij | i, j = 1, . . . , p} implying that X is irreducible. The proof of
the fact that X is smooth is a slight generalization of the proof of [1], Lemma 12.8.1. (see
also [4, Lemma 3.1], where the special case p = 3 is proved). 
Proposition 5.4. The curve X of diagram (5.1) coincides with the curve X in diagram
(4.1).
Proof. According the the proof of Proposition 5.3, the curve X corresponds to the Klein
subgroup 〈ϕ1, ϕ3〉 of D
2
p. In Lemma 4.4 we show that, up to conjugacy, there is only one
such a subgroup. 
5.2. The correspondence. In the last subsection we saw how to describe the curve X
of diagram 4.1 in terms of the covering f : Y˜ → Y . We can use this to define a fixed-point
free symmetric effective (p− 1)-correspondence D on X .
For this fix a point z0 ∈ U := P1\Bh and denote the fibre π−1(z0) = {Pij | i, j = 1, . . . p}
as in equation (5.4). Moreover we use the notation
Iij := {(k, l) ∈ {1, . . . , p}
2 | k + l 6≡ i+ j mod p and k − l 6≡ i− j mod p}.
Then in the fibre π−1(z0) the correspondence D is defined by
(5.6) Dz0(Pij) :=
∑
(k,l)∈Iij
Pkl
We extend Dz0 to a correspondence DU on π
−1(U) in the usual way (see e.g. [4, Section
3]) as follows: We enumerate the xi and yj in such a way that the stabilizer of P11 is
the group H2 = 〈ϕ1, ϕ3〉. If {(gij, gkl) | 1 ≤ i, k ≤ d, 1 ≤ j, l ≤ ni} denotes the set
of representatives of the right and left cosets of H2 in G as in the proof of Lemma 3.2
with d = p+1
2
, n1 = 1 and ni = 2 for i ≥ 2 (see proof of Proposition 4.1), this induces a
G-equivariant bijection
{(g11, g11), . . . , (gdnd, gdnd)} −→ π
−1(z0) = {Pij | i, j = 1, . . . p}
to be described in the proof of Proposition 6.1.
Then for every point z ∈ U choose a path γz in U connecting z and z0. The path
defines a bijection
µ : π−1(z)→ π−1(z0) = {P11, . . . , Ppp}
in the following way: For any x ∈ π−1(z) denote by γ˜x the lift of γz starting at x. If
Pij ∈ π
−1(z0) denotes the end point of γ˜x, define
µ(x) = Pij .
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Define
DU := {(x, x
′) ∈ π−1(U)×P1 π
−1(U) | µ(x′) ∈ Dz0(µ(x))}.
Finally, define D to be the closure of DU in X ×X .
Proposition 5.5. D is a correspondence on X.
In the next section we will see that D coincides with the Kanev correspondence associ-
ated by the correspondence D defining the Prym-Tyurin variety P of Proposition 4.2. In
particular D is an effective symmetric fixed-point free correspondence whose associated
endomorphism γD on the Jacobian JX satisfies the equation γ
2
D+(p−2)γD− (p−1) = 0.
Of course it is easy to see this also directly.
Proof. We have to show that the definition of DU is independent of the choice of the paths
γz. For this it suffices to show that DU is invariant under the action of G = Dp × Dp;
that is, the diagram
Pij
D

ϕk
// ϕk(Pij)
D

D(Pij) ϕk
// D(ϕk(Pij)) = ϕk(D(Pij))
commutes for 1 ≤ k ≤ 4. In fact, for ϕ1 we have
ϕ−11 (D(ϕ1(Pij))) = ϕ1(D(Pji)) = ϕ1
 ∑
(l,k)∈Iji
Plk
 = ∑
(k,l)∈Iij
Pkl = D(Pij).
For the other ϕk the proof is similar, using
ϕ2(Pij) = Pkl with k ≡ j − 1 mod p, l ≡ i+ 1 mod p,
ϕ3(Pij) = Pkl with k ≡ p− j + 2 mod p, l ≡ p− i+ 2 mod p,
ϕ4(Pij) = Pkl with k ≡ p− j + 3 mod p, l ≡ p− i+ 3 mod p.

Example 5.6. In the special case p = 3 the curve X coincides with the corresponding
curve in [4]. Moreover we have
D(Pij) =
∑
(k,l)∈Iij
Pkl =
3∑
k=1,k 6=i
Pkj +
3∑
l=1,l 6=i
Pil.
This is just the correspondence of [4]. Hence our construction of Prym-Tyurin varieties
is a generalisation to arbitrary odd prime p of the Prym-Tyurin varieties of [4] for p = 3.
19
6. Comparison of the correspondences D and D
According to Proposition 5.4 the curve X of diagram (5.1) coincides with the curve
X of diagram (4.1). Hence we have two correspondences on X , namely D defined by
equation (3.3) (in the special case G = Dp) and D defined in the previous section. In this
section we compare both and show that they induce the same Prym-Tyurin variety in JX .
Recall from [2] that for a general D as in equation (2.1), we constructed a correspon-
dence KD, called the associated Kanev correspondence, which is effective, symmetric,
fixed-point free and whose associated endomorphism γKD satisfies the equation γ
2
KD
+(q−
2)γKD − (q − 1) = 0. In fact, in the proof of [2, Lemma 3.8] we saw that KD(x) is given
by
(6.1) KD(x) =
d∑
i=2
[
b1 − bi
b
− 1
] ni∑
j=1
πHgij(z)
for all x ∈ X and z ∈ Z with πH(z) = x, where
bi :=
r∑
k=1
∑
h∈H
trL/Q(χVk(hg
−1
i1 ))
Moreover, in terms of KD the associated Prym-Tyurin variety P is given by
P = Im(1− γKD).
Now let the notation be as in Section 5. In particular Z is a Galois covering of P1 with
Galois group D2p and πH2 : Z → X is the covering of diagram (5.1). Let D denote the
correspondence defined in equation (3.3) in our special situation. Then we have
Proposition 6.1. The Kanev correspondence KD associated to D coincides with the cor-
respondence D of Proposition 5.5.
Proof. For the proof we show that the right hand side of (6.1) in this special situation is
equal to the right hand side of (5.6) under the identifications given below.
For this we recall the notations. The underlying group is G2 = Dp×Dp with generators
of the two factors σi of order p and τi of order 2 for i = 1 and 2. We are considering the
representations W⊗V0 and V0⊗W, with W as in Proposition 4.1. Therefore here r = 2.
We need to collect some of the previous results for G = Dp and its subgroup H = 〈τ〉
from Proposition 4.1:
• the double cosets representatives for H\G/H we consider are σi−1, with i =
1, . . . , p+1
2
;
• the coefficients of the correspondence for Dp and H on Xi are a1 = p − 1 and
ai = −1 for i = 2, . . . ,
p+1
2
;
• the double coset represented by 1G has 2 elements, hence just one right coset. The
double coset represented by σi for i > 1 has 4 elements, hence two right cosets.
The representatives for the right and left cosets in this double coset are σi and
σp−i.
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We now work out the induced representatives and coefficients for the correspondence
for G2 = Dp ×Dp and its subgroup H
2 = 〈τ1〉 × 〈τ2〉 on the curve X .
• the double coset representatives for H2\G2/H2 we consider are (σi−11 , σ
j−1
2 ) for
i, j = 1, . . . , p+1
2
;
• the representatives for the right and left cosets inside the double coset are:
for i = j = 1 there is only 1 right coset represented by (1G, 1G);
for i = 1 and 1 ≤ k ≤ p−1
2
the right and left representatives are {(1G, σ
k
2 ), (1G, σ
p−k
2 )}.
for 1 ≤ ℓ ≤ p−1
2
and j = 1 they are {(σℓ1, 1G), (σ
p−ℓ
1 , 1G)}.
for 1 ≤ ℓ, k ≤ p−1
2
they are {(σℓ1, σ
k
2), (σ
p−ℓ
1 , σ
k
2 ), (σ
ℓ
1, σ
p−k
2 ), (σ
p−ℓ
1 , σ
p−k
2 )}.
Now consider the defining equation (3.3) for the correspondence D. According to equa-
tions (3.4) and (3.5) its coefficients bij = aij + a
′
ij (where the aij correspond to W ⊗ V0
and the a′ij correspond to V0 ⊗W) are given by
a1j = |H|a1 = 2(p− 1) for all j;
aij = |H|ai = −2 for all i = 2, . . . ,
p+ 1
2
and all j;
a′i1 = |H|a1 = 2(p− 1) for all i;
a′ij = |H|ai = −2 for all i and j = 1, . . . ,
p+ 1
2
.
Hence we get
bij =

4p− 4 i = j = 1;
2p− 4 for i = 1, j = 2, · · · ,
p+ 1
2
and i = 2, . . . , p+1
2
, j = 1;
−4 2 ≤ i, j ≤ p+1
2
.
and b = gcd{b11 − bij} = 2p.
Therefore, from equation (6.1) we see that the coefficients for the correspondence KD
vanish if either i = 1 or j = 1, and are equal to 1 for i, j ≥ 2. This gives
(6.2)
KD(x) =
p−1
2∑
ℓ,k=1
[πH2(σ
ℓ
1, σ
k
2 )(z) + πH2(σ
ℓ
1, σ
p−k
2 )(z) + πH2(σ
p−ℓ
1 , σ
k
2 )(z) + πH2(σ
p−ℓ
1 , σ
p−k
2 )(z)].
for any x ∈ X and z ∈ Z mapping to x, and where πH2 : Z → X is the covering
corresponding to the subgroup H2.
Now the identification of the two definitions of the curve X is as follows. If P11 cor-
responds to the point x ∈ X , then Pℓk corresponds to the point πH2(σ
ℓ
1, σ
k
2 )(z) where
z ∈ Z maps to x. This follows from the fact that the identification is G2-equivariant.
This means that for Prs ∈ X we have
πH2(σ
ℓ
1, σ
k
2 )(Prs) = Puv
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with u and v such that u+ v ≡ r+ s+ ℓ mod p and u− v ≡ r− s+ k mod p. Inserting
this in (6.1), we obtain
KD(Pij) =
∑
(k,l)∈Iij
Pkl,
which completes the proof of the proposition. 
As an immediate consequence of Propositions 4.2 and 6.1 we obtain
Corollary 6.2. Suppose Y˜ → Y is an e´tale p-fold covering of a hyperelliptic curve Y such
that the Galois closure Z of the composed map Y˜ → Y → P1 has Galois group G = D2p.
(a): The correspondence D on the curve X of diagram (5.1) defines a Prym-Tyurin variety
P of exponent p in the Jacobian JX.
(b): There exist curves X1 and X2 over P1, whose fibre product over P1 is X such that
P ≃ JX1 × JX2.
as principally polarized abelian varieties.
7. Decomposition for the Jacobian of X
Let the notation be as in Section 4. So we are given the curve Z = Z1 ×P1 Z2 with
D2p-action as in Proposition 4.2. Consider the curve X of diagram (4.1) (or equivalently
the curve X of diagram (5.1)). If Xi, Y and Y˜j are as in diagram (4.1), recall that Y˜j → Y
are e´tale p-fold coverings. If then P (Y˜j/Y ) denotes the corresponding (generalized) Prym
variety (i.e. the connected component of the origin of the kernel of the norm map JY˜j →
JY ), the Jacobian JX decomposes up to isogeny in the following way.
Theorem 7.1.
JX ∼ JX1 × JX2 × P (Y˜1/Y )× · · · × P (Y˜(p−1)/2/Y ).
For the proof we use some results of [3] which we recall first: For a given finite group
G, let Z → P1 denote a Galois covering with Galois group G, H a subgroup of G and
ZH := Z/H . To every rational irreducible representation W of G one can associate an
abelian subvariety BW of the Jacobian JZ which is uniquely determined up to isogeny. Let
V0 denote the trivial representation and W1, . . . ,Ws the non-trivial rational irreducible
representations of G with associated complex irreducible representations V1, . . . , Vs. More-
over, ρH denotes the character of G induced by the trivial character ofH . Then [3, Lemma
4.3] says that
ρH = V0 ⊕
s⊕
j=1
cjWj with cj =
dimV Hj
mj
,
where mj denotes the Schur index of the representation Vj. Moreover, [3, Proposition 5.2]
says that the Jacobian JZH decomposes up to isogeny as
(7.1) JZH ∼ B
c1
W1
× · · · × BcsWs.
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Finally, if H ⊂ N are two subgroups of G, then
ρH = ρN ⊕
s⊕
j=1
djWj with dj =
dim V Hj − dimV
N
j
mj
(≥ 0)
and, according to [3, Corollary 5.4], the Prym variety P (ZH/ZN) of the morphism ZH →
ZN decomposes up to isogeny as
(7.2) P (ZH/ZN) ∼ B
d1
W1
× · · · × BdsWs.
Returning to the dihedral group Dp, we denote by Vj, j = 1, . . . ,
p−1
2
its complex
irreducible representations of degree 2, with corresponding characters given by
χVj (σ
h) = ωjh + ω−jh, χVj (τσ
h) = 0,
where ω denotes a fixed p-th root of unity. Then W =
⊕ p−1
2
j=1 Vj is the irreducible rational
representation of degree p− 1.
Consider, as in Section 4, the group D2p = < σ1, τ1, σ2.τ2 >. The complex irreducible
representation of D2p are the (outer) tensor products of the irreducible representations
of the factors. We consider the following rational irreducible representations of D2p: the
trivial V0 = V0 ⊗ V0, the alternating representation V
′
0 = V
′
0 ⊗ V
′
0 ,
W1 =W ⊗ V0 and W2 = V0 ⊗W,
and, for j = 1, . . . , p−1
2
,
Uj =
p−1
2⊕
i=1
(Vi ⊗ Vk) = (V1 ⊗ Vj)⊕ (V2 ⊗ Vj+1)⊕ . . .⊕ (V(p−1)/2 ⊗ Vj−1)
where 1 ≤ k ≤ p−1
2
is given by j+ i−1 if j+ i−1 ≤ (p−1)/2 and k = j+ i−1− (p−1)/2
otherwise.
Recall the subgroups defining the curves of diagram 4.1:
• X is defined by H2 := 〈τ1, τ2〉,
• X1 is defined by H1 := 〈σ2, τ1, τ2〉,
• X2 is defined by H2 := 〈σ1, τ1, τ2〉,
• Y˜j is defined by Lj := 〈σ
j
1σ2, τ1τ2〉,
• Y is defined by M := 〈σ1, σ2, τ1τ2〉,
Lemma 7.2. (a): ρH = V0 ⊕W1 ⊕W2 ⊕ U1 ⊕ · · · ⊕ U p−1
2
,
(b): ρHi = V0 ⊕Wi for i = 1 and 2,
(c): ρM = V0 ⊕ V
′
0,
(d): ρLj = ρM ⊕ Uj for j = 1, . . . ,
p−1
2
.
Proof. (a): As H2 is a subgroup of D2p satisfying Hypothesis 2.1, we have for the character
product
〈ρH2 ,W1〉 = 〈ρH2,W2〉 = 1.
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By direct computation of the character product using Frobenius reciprocity, one shows
〈ρH2 ,Uj〉 = 1 for all j. Finally, as the sum of the degrees of these representations is the
degree of ρH2 , we get the result. The proofs of the other assertions are similar. 
Proof. of Theorem 7.1. Let BWi and BUj denote the abelian varieties associated to the
representations Wi and Uj . Then we have, according to Lemma 7.2 (a) and equation
(7.1),
JX ∼ BW1 × BW2 ×BU1 × · · · × BU p−1
2
.
It remains to identify the B’s. According to Lemma 7.2 (b) and equation (7.1),
BWi ∼ JXi for i = 1, 2
and Lemma 7.2 (c) and (d) and equation (7.2) imply
BUj ∼ P (Y˜j/Y ) for all j.
This completes the proof of the theorem. 
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